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. Abstract 

O . 

We investigate A-extended supersymmetry in one-dimensional quan- 
tum mechanics on a circle with point singularities. For any integer n, 
N = In + 1 supercharges are explicitly constructed in terms of discrete 
^| transformations, and a class of singularities compatible with supersym- 



o 



X 



metry is clarified. In our formulation, the supersymmetry can be reduced 
to M-extended supersymmetry for any integer M < N . The degener- 
acy of the spectrum and spontaneous supersymmetry breaking are also 
studied. 



1 Introduction 

A point singularity in one dimensional quantum mechanics may be considered, in general, 
as a localized limit of a finite range potential and is parametrized by the group U(2) [1, 2, 3], 
and the parameters characterize connection conditions between a wavefunction and its 
derivative at the singularity. The varieties of the connection conditions lead to various 
interesting phenomena, such as duality [4, 5], the Berry phase [6, 7], scale anomaly [8] and 
supersymmetry [9, 10, 11, 12]. 

N = 1 or N = 2 supersymmetry in the model of a free particle on a line R or an 
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interval [— /, /] with a point singularity was discussed in Ref. [9]. In Ref. [11], this work was 
extended to iV = 4 supersymmetry in the model on a pair of lines or intervals each having 
a point singularity. In Ref. [10], N = 2 supersymmetric model with a superpotential was 
constructed on a circle with two point singularities. The supercharges are represented in 
terms of a set of discrete transformation {Vi, Qi,lZi}, which forms an su(2) algebra of 
spin 1/2. In Ref. [12], this work was extended to N = 2n supersymmetry by putting 
2 n number of point singularities on a circle, and N = 2n supercharges are explicitly 
constructed in terms of n sets of discrete transformations {Vi, Qi, Hi}, • • • , {V n , Q n , lZ n } 
on the circle. 

We would like to emphasize that the study on the supersymmetry in one dimensional 
quantum mechanics with point singularities has a physical application to higher dimen- 
sional gauge theories. It has been shown that a quantum-mechanical supersymmetry is 
hidden in any gauge invariant theories with extra dimensions [13, 14, 15]. In Ref. [14], 
the hierarchy problem at tree level has been solved in a scenario of gauge theories with 
compact extra dimensions with boundaries [16]. Then, the hidden quantum-mechanical 
supersymmetric structure as well as the choice of boundary conditions have been found 
to be crucial, and the analyses in Ref. [10, 12] have turned out to give a powerful tool to 
derive all possible sets of boundary conditions. 

In this paper, we study N = 2n + 1 supersymmetry on a circle with 2 n point singu- 
larities, and give a full detail of the analysis. The iV = 2n + 1 supercharges are explicitly 
constructed in terms of n + 1 sets of discrete transformations 

{Vi, Qi, Tii},---, {v n , Q n , n n }, {v n+ i, Q n+ i,n n+ i}. 

Since the model contains point singularities, we need to impose appropriate connection 
conditions there. We succeed to clarify a possible set of connection conditions compatible 
with the N = 2n + 1 supercharges. Thus, the N = 2n + 1 supersymmetry can be realized 
under the connection conditions. In our formulation, we can remove some of the N = 2n+ 
1 supercharges from a class of physical observables by relaxing the connection conditions, 
so that the N = 2n + 1 supersymmetry can be reduced to M-extended supersymmetry 
for any integer M < N. This implies that for any fixed M we have a wide variety of 
M-extended supersymmetric models. We provide a general discussion about reduction 
of the supersymmetry and construct N = 2n supersymmetric models as a result of the 
reduction of the original N = 2n + 1 supersymmetry. We also investigate the degeneracy 
of the spectrum, in particular, vacuum states with vanishing energy. 

The plan of this paper is as follows. In Section 2, we introduce n + 1 sets of discrete 
transformations on a circle. In Section 3, we construct N = 2n + 1 supercharges in terms 
of these discrete transformations and examine connection conditions compatible with all 
the 2n + 1 supercharges. We also investigate the degeneracy of the spectrum. In Section 
4, we discuss reduction of the supersymmetry and study some N = 2n supersymmetric 
models as examples. Section 5 is devoted to summary. 
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Figure 1: The positions of the singularities on a circle 5' 1 (— / < x < I) 

2 Discrete transformations 

We consider the model which is one-dimensional quantum mechanics on a circle S 1 (—1 < 
x < I) with 2 n point singularities placed at 

x = l s =(l--^- i y fors = 0,l,.--,2 n -l. (2.1) 

This paper deals with the model in which the wavefunction and its derivative are contin- 
uous everywhere except for the point singularities. These point singularities are placed at 
regular intervals on the circle (Fig. 1). We define discrete transformations on the circle 

as 

- E e (x - (i - ^) i) e ((i - s -0) i - x ) 
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{n k <p){x) = £(-i) 



s=l 



-0 J^r- 

+ e (x 



2 fc-2 
S 



)fc-2 



2 fc- 



ne((i-^).-; 



{Qk<f){x) = -i CJZ k Vk(p) (x) 
for k = 1,2, ■ ■ ■ ,n + 1. Here G(x) is the Heaviside step function defined by 

Q{x) = 



1 for < x < /, 
for —I < x < 0. 



(2.3) 
(2.4) 



(2.5) 



The Vk {k = 1, 2, ■ ■ ■ , n + 1) is a kind of the parity transformation. The V\ is just the 
familiar parity transformation, (Vi<p) (x) = (p{—x). The TZ^ (k — 1, 2, • • • , n + 1) is a kind 
of the half-reflection transformation. The action of Vk,T^k {k = 1,2,3) is schematically 
depicted in Fig. 2- Fig. 4. In each figure, the upper figures mean the geometrical meaning 
of Vk, T^k (h — 1) 2, 3). In the lower figures, the dashed line denotes the original function 
<p(x), and the solid line denotes (Vk<p) (x), (T^kf) [x) (k = 1, 2, 3). 
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Figure 2: The action of Vx,TZ\ 



The Vk,Qk,T^-k (k = 1,2, ••-,n) and "P n+ i produce no new singularities except for 
the original ones. Note that Q n +i and 7Z n +i make wavefunction and/or its derivative 
discontinuous at x ^ l s (s = 1, 2, ■ • • , 2 n — 1). For instance, if we consider the case of 
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Figure 4: The action of V^jTZs 
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n — 1, there are two singularities located at x — 0, /. As seen in fig. 2, a set of discrete 
transformation {V\, Qi,Hi} does not make wavefunction and its derivative discontinuous 
at x 7^ 0,/. We introduce a new set of discrete transformation {V 2 , Q2,V, 2 }- Although 
the V2 produces no new discontinuity for wavefunction and its derivative at x 7^ 0, 1, the 
Q2 and 1Z 2 , however, produce discontinuity for wavefunction and/or its derivative at the 
different points of the original singularities, x = ±| (see fig. 3). 

A crucial observation is that each set {Vk, Qk, T^-k} (k — 1, 2, • • • , n + 1) forms an su(2) 
algebra of spin 1/2, 

V k Qk = -QkPk = ifch, Qkflk = -T^kQk = iVk, TlkPk = -V k TZ k = iQk, 

(v k ) 2 = (Qk) 2 = (n k ) 2 = 1 (2.6) 

and that Ok = {Vk, Qk, V,k} and Ok> = \Vk>, Qk',T^k'} commute with each other if k ^ k', 

[O k ,Ov] = for k ^ k'. (2.7) 

For later use, let us introduce new sets of su(2) generators {Q-p k ,GQ k ,Qn k } (k = 
1, 2, • • • , n) as 

Gv k =V^V k V, g Qk = V ] Q k V, Gn k =V ] TZ k V, fc = l,2,...,n, (2.8) 

where 

V = ViV 2 • • • V n , V k = e™^ E SU(2). (2.9) 

— * — * 

Here, V k (v k ) is an abbreviation of Vk = (Vk, Qk, flk) (vk = (v-p k ,v Qk ,v nk )), and (vv k ,v Qk ,vn k ) 
are real parameters. The new su(2) generators {Gv k , 0Q k , Gn k } have to be linearly related 

— * 

to Vk as 

Gv k =e Vk -V k , G Qk = e Qk -V k , Gn k =e nk -Vk, k = 1, 2, • • • , n, (2.10) 

where {e-p k , eg k , e-R k } are three-dimensional orthogonal unit vectors. 

3 AT = 2 a + 1 supersymmetry 
3.1 N = 2n + 1 supercharges 

Equipped with the discrete transformations given in the previous section, we construct 
N = 2n + l supercharges in terms of the n+1 sets of the discrete transformations. There 
are two types of N = 2n + 1 supercharges (type A and type B), 

• Type A 

Qt= l -V a V A = l -V A Y a , a = 1,2, •••,2n + l, (3.1) 
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TypeB 

Q B = l -Y a V B = -V B T a , a=l,2,...,2n+l, (3.2) 



where 



v A = (n 1 ---n n+1 ^+gn 1 ---GnA^i---^n+iW'(x)), (3.3) 

V A = (n, ■ ■■K n+ i-j£j - Gn, ■■■Gn n (fti • ■■K n + 1 W\x)) , (3.4) 

v B = (n 1 ---K n+1 ^-r n+1 {K 1 ---n n+l v\x)), (3.5) 

V B = \K 1 ---K n+1 -^)+V n+1 (K 1 ---K n+1 V'(x)) (3.6) 



and 



^2k-l = GniG-R.2 " ' Gll k - 1 Gvk'R'n+l, 

T 2 fc = GniG-R.2 ■ • -Gnk^GQ^n+i, k = l,2,---,n, (3.7) 

T2n+1 = Qn+1- 

Here, = ^W(x),V'(x) = ^V(x), and W(a;), V(a;) are called superpotentials. We 

note that T a ,V A( - B \t> A ^ in the supercharges contain lZ n+ i,Q n+1 which produce new 
singularities except for the original singular point x = l s (s = 1, 2, • • • , 2 n — 1). The 
combinations of these operators in the supercharges, however, make the <2„+i and 1Z n+ i 
vanished due to the su(2) algebra. 

The functions W'(x),V'(x) are continuous and finite valued functions at intervals 
between singularities and are allowed to have discontinuities at x = l s (s = 0, 1, • • • , 2 ra — 1). 
In order to construct the N = 2n + 1 superalgebra, the functions turn out to be required 
to 

V k W'(x) = -W'(x)V k , fc=l,2,...,n, (3.8) 
V n+1 W'(x) = W\x)V n+1 (3.9) 

and 

ViV'{x) = -V'(x)Vi, i = l,2,--.,n+l. (3.10) 

Noting that TZi ■ ■ ■ lZ n+1 -^, IZi • • ■ 1Z n+1 W'(x) and TZi ■ ■ ■ 1Z n+1 V'(x) commute with Qk-.Tlk} 
(k — 1, 2, • • • , n + 1), we have the relations 

{r a ,r 6 } = 2cU, (3.ii) 

TaV MB) = f)MB) T ^ a ,6=l,2,...,2n + l. (3.12) 
It follows that the supercharges form the N = 2n + 1 superalgebra; 
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Type A 



{Q A ,Q A } = H A 5 ab , a,6=l,2,...2n + l, 



(3.13) 



H A 
Type B 



— V A V 



At^A 



" -Gn 1 ---Gn n W"(x) + (W'(x)) 2 



dx 2 



(3.14) 



H B 5, 



ah ■ 



a,b= 1,2, ■■■2n+ 1, 



(3.15) 



--V B V B 
2 



? " + p n+1 y"(z) + (y'( a ;)) 2 



<ir 2 



where if A and if B are the Hamiltonian in each model. 



(3.16) 



3.2 Connection conditions compatible with supersymmetry 

In this section, we clarify the connection conditions compatible with the N = In + 1 
supersymmetry. Since the model contains the point singularities, we need to impose 
appropriate connection conditions there, namely, our model is specified not only by the 
Hamiltonian but also by the connection conditions. The functional space in our model is 
required to be squared integrable and to be spanned by eigenfunctions of the Hamiltonian 
with connection conditions that make the Hamiltonian hermitian. 

In order to obtain the appropriate connection conditions, let us introduce a 2" +1 - 
dimensional boundary vector & v that consists of boundary values of a wavefunction (p(x) 
in the vicinity of the singularities, ip(l s ± e) for s = 0, 1, • • • , 2 n — 1 with an infinitesimal 
positive constant e. For later convenience, we arrange ip(l s ± e) in such a way that $^ 
satisfies the relations 



Tl k ip 



h <8> <J\ ®h § 
| h <E> cr 2 ® 1 2 
) h ® (J 3 <g> I 2 



(3.17) 
(3.18) 
(3.19) 



n+l 



where 1m denotes an. M xM unit matrix, and Oi{i = 1, 2, 3) stands for the Pauli matrices. 
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The boundary vector can be arranged as 



^{k - e) \ 

<p(h + e) 
(V n <p)(l -e) 
(V n <p)(h + e) 
(Vn-wWo - e) 

(V n -i<p)(h + e) 
(Vn-^fXh - e) 
(V n -iP n <p)(h + e) 

(V n -2<p)(k - e) 
(V n -2<p)(h + e) 
(V n - 2 V n (p)(lo - e) 
(V n - 2 V n ip)(h + e) 
(V n - 2 Vn-M(lo ~ e) 
(V n -2V n -i<p)(h + e) 

(V n - 2 V n -lV n (fi)(l ~ e) 
(V n - 2 V n -i(p){li + €) 

(V 2 V 3 ---V n <p)(l -e) 
(V 2 V 3 ---V n <f)(h + e) 



V 



Pi 



upper half 
components 



(3.20) 



For instance, $ v for the case of n — 1 (two singular points are placed at x = 0, Z) is 
arranged as 



/ y?(/ 



% = 



\ 



<P(0 + e) 
y?(-Z + e 

V ^(O-e) y 



(Pi¥>)(J-e) 
V (P^)(0 + e) y 



(3.21) 



which obeys the relations (3.17)-(3.19) with n = 1, 



Tli<P 



( (Vi<p)(l-e) \ 
(7»(0 + e) 
(Vitp) (-1 + e) 

V (VKp)(0-e) J 

( (n^)(i-e) \ 

{K^) (0 + e) 
(ftip) {-I + e) 

V (7^)(0-e) J 



y?(0 - e) 
<p(l - e) 

V y?(o + e) J 



( <P(1 - e) \ 
p(0 + e) 

-y(-Z + e) 

V -^(0-e) y 



Jo 



h v 



% = (<Ti <g> J 2 ) 



(3.22) 



(3.23) 
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Qi<P 



( (Q lV )(l-e) \ 
(Qi<p) (0 + e) 
(Q 1<p )(-l + e) 
V (Qi^(O-e) J 



( -i(p(-l + e) \ 
-iip{0 - e) 
iip{l - e) 
V MO + e) J 



Q = ((T 2 ® / 2 ) V 



(3.24) 



Since our model has the singular points, wavefunction will, in general, be discontinuous 
there, but the discontinuity has to be controlled by the connection conditions that make 
the Hamiltonian hermitian. The hermiticity condition is 



J 1 dx^*(x) (# A(B V) {?) = f dx (if A ( B ty)* (x) 



(p(x) 



(3.25) 



for any wavefunctions ip(x), ip(x), where the integral f_ h dx is defined by 



dx = V / dx with l 2 n = Iq. 

-I ^[Jh+e 



(3.26) 



In terms of the boundary vector, the requirement (3.25) can simply be rewritten as the 
constraints on the boundary vector 



(3.27) 



In order to derive it, we have used the relation (3.19) and the formula of integration by 
parts 



dx£*(x) 



dx 



r]{x) 



— I dx 



' d_ 

dx 



i{x)\ ri(x) + $l(a 3 



a 3 )%, (3.28) 



where the functions and r)(x) are assumed to be continuous everywhere except for 
the singular points. It is easy to show that eq. (3.27) is equivalent to 



- iL $ v A(B) 



|$ v + iL $ v A(B )lp \, 



(3.29) 



where Lq is an arbitrary nonzero constant with the dimension of length. Then, the 
condition (3.29) can be written as 



(7 2 „+l -U)$ v + lL (I 2 n+1 + U) ^ V A(B )(p = 0, 



(3.30) 



where U is a 2 n+1 x 2™ +1 unitary matrix. Thus, we have found that the connection condi- 
tions which make the Hamiltonian hermitian are given by eq. (3.30). The 2 n singularities 
in our model are characterized by a 2 n+1 x 2™ +1 unitary matrix, U. 

It is important to notice that the above connection condition does not necessarily 
guarantee the N = 2n + 1 supersymmetry, because the hermiticity of the Hamiltonian 
does not, in general, ensure that of the supercharges. Moreover, the state, (Q a <f) (x) 
does not necessarily belong to the same functional space as <p{x). This also means that 
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(Qa^p) (x) does not obey the same connection conditions as tp{x). In order for any operator 
O to be physical, the state (Otp) (x) for any state tp(x) has to obey the same connection 
conditions as tp{x). In the following, we call O a physical operator if O is hermitian and 
{Otp) (x) satisfies the same connection conditions as tp(x). 

In the standard argument of supersymmetry, for any energy eigenfunction tp with an 
energy E, Q a ^ is also an energy eigenfunction with the same energy E(> 0) and then Q a ^ 
is called a supersymmetric partner of tp. In our model, this is true if and only if Q a is a 
physical operator, otherwise the state Q a f should be removed from the functional space, 
in which any state satisfies the connection conditions (3.30) with a characteristic matrix 
U. Therefore the N = 2n + 1 supersymmetry can be realized in our model, only when 
all the N = 2n + 1 supercharges are physical. We will see below that this requirement 
severely restricts a class of the connection conditions. 

Let tp{x) be any wavefunction obeying the connection conditions (3.30), and satisfying 
Schrodinger equation, H A ^tp(x) = Etp(x). 

First, we require that (Q A ^tp)(x) (a — 1, 2, • • • , 2n + 1) obey the same connection 
conditions as tp(x), 

(7 2 n+i - U) ® q a(b) v + iL (J 2 n+i + U) <& vA[B){Q A (B)ip) = 0. (3.31) 

Here, tp in eq. (3.30) has been replaced by Qf (i V By noting (3.1), (3.2), (3.12), (3.13)- 
(3.16) and H A ^tp(x) = Etp(x), eq. (3.31) leads to 

(J 2 n+i - U) ^r a vMB) v - HUE (J 2 n+i + U) $rw = 0. (3.32) 

The connection conditions must be independent of the energy E, so that we find the 
eigenvalues of U must be ±1, i.e. U 2 = I 2 n+i. Then, (3.32) can be written as 

(7 2 n+i - U)$ raV A {B)v = 0, (3.33) 
(7 2 n+i + U)^ VaV = 0. (3.34) 

We note that the case of U — ±7 2 n+i turns out to lead to no nontrivial models because 
all wavefunctions would vanish. It is convenient to introduce 7 a (a = 1, 2, • • • , 2n + 1) as 4 

72fe-i = (eki -a®---® en k _i • o ® e Vk ■ a ® 7 2 ® ■ ■ ■ ® 7 2 ® cr 3 ) , (3.35) 
12k = (e ni - a®---® e 7 e fc _ 1 • a ® e Qk ■ a ® 7 2 ® ■ ■ ■ ® 7 2 ® cr 3 ) , (3.36) 
l2n+i = (h ® • ■ • ® h ® oi) , k = l,2,---,n, (3.37) 

where a = (<7i, <r 2 , cr 3 ). The 7„ for a — 1, 2, • • • , 2n + 1 satisfy the same anticommutation 
relations as T a , 

{ la , lb } = 25 ah . (3.38) 

4 The definition of j a for a = 1, 2, • • • , 2n is slightly different from those in ref. [12]. 
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Using these, we have the relation 



= la%, (3.39) 

and then, eqs. (3.33), (3.34) become 



(J 2 n+i - l a Ula)®VMB) v = 0, (3.40) 
(/ 2 n + i+7a^7a)^ = 0. (3.41) 



Eq. (3.30) is reduced to 



(J 2 „+i - U)% = 0, (3.42) 
(J 2 „+i + C/)^a( S)v3 = 0, (3.43) 

under the condition of U 2 = I 2 n+i . Since our model contains the 2 n point singularities, we 
need to impose 2x2™ connection conditions at the singularities to solve the Schrodinger 
equation. If the number of conditions is larger than 2x2™, the model would become 
trivial due to overconstraints. Since the number of the conditions (3.30), which make 
the Hamiltonian hermitian, is 2 x 2™, eqs. (3.40) and (3.41) should produce no new 
constraints. This implies that the characteristic matrix U has to satisfy 

laUia = ~U, a = l,2,---,2n + l. (3.44) 

Thus, we have found the constraints on the characteristic matrix U, 

U^U = J 2 n+i, (3.45) 
U 2 = J 2 n+i, (3.46) 
laU la = -U, a = l,2,.-.,2n + l (3.47) 

which guarantee that the Hamiltonian is hermitian and (Q^ B ^(p)(x) (a = 1, 2, • • • , 2n + 1) 
satisfy the same connection conditions as ip(x). 

Before we discuss the hermiticity of the supercharges, let us determine the form of the 
characteristic matrix U. An arbitrary 2™ +1 x 2™ +1 matrix can be uniquely expanded as 

E ••• E C aua2 ,.., an+1 (e£> ® eg ® • • • ® eg ® e££>) , (3-48) 



ai=0 a n +i=0 



where 



~(fc) r ~(k) - -> ~(k) - - ~(k) 

<= = h, < ; = i = e Pk ■ a, e^ =2 = e Qk ■ a, e^ =3 = e nk ■ a, 



k = 1,2, •••,n, (3.49) 



and 



~(n+l) _ r ~(n+l) _ ~(n+l) _ ~(ra+l) _ / r- n \ 
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First, we impose the conditions (3.47) on the characteristic matrix U. Then, some coef- 
ficients in the expansion vanish except for C Ql=0 ,...,a n =o,a„ + i=i, C ai=3) ... yan=3) a n+1=3 . Thus, 
the characteristic matrix U becomes 

U = 61 (I 2 <g> • • • h <S> (Ji) + b 2 (e Ul ■ a <g> ■ ■ ■ <g> e Un ■ a <g> a 3 ) , (3.51) 

where 

bl = C Ql= o ) ---,Q n =0,a n+ i=l) i>2 = C Q , 1= 3 j ... iQn= 3 jQ , n+1= 3 

The conditions WU = 1 2^+1 and U 2 = J 2 n+i imply W = U, so that we have 

h,b 2 eR, (b,) 2 + (b 2 ) 2 = 1 

Therefore, the connection conditions can be written by 

(7 2 n+i -U(h, &2))$ v = 0, (3.54) 

(7 2 n+i + U(b ± , b 2 )) <$> v a (b)v = 0, (3.55) 

where 

U (bi, b 2 ) — bi (I 2 ® ■ ■ ■ I 2 ® <Ji) + b 2 (e ni ■ a <g) • • • ® e nn ■ 3 <g> 0-3) (3.56) 

with 61, 62 G R and {pif + {b 2 f = 1. 

Now, an important question that remains to be answered is whether the supercharges 
are hermitian under the connection conditions (3.54) and (3.55) or not. Using (3.28), we 
have the relation 

J 1 dx^*{x) (Q a cp) (X) = J 1 dx (Q a 4>)* (X)<p(x) + l -<$>lla<&^ 

a = l,2,---,2n+ 1. (3.57) 

It is not difficult to show that the surface term in (3.57) vanishes, 

$J,7a^ = 0, a = l,2,.-.,2n + l, (3.58) 

if wavefunctions ip and ip obey the connection conditions (3.54) and (3.55). Thus, the 
connection conditions (3.54) and (3.55) also make all the supercharges hermitian. 

Thus, we have found that the connection conditions, which make not only the Hamilto- 
nian hermitian but also the In + 1 supercharges physical, are given by eq. (3.54), (3.55). 
Then, the iV = 2n + 1 supersymmetry can be realized with the connection conditions 
(3.54), (3.55). 
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(3.52) 



(3.53) 



3.3 Degeneracy of the spectrum 

In this section, we study the degeneracy of the spectrum in the N = 2n + 1 supersym- 
metric models, in particular, vacuum states with the vanishing energy. We consider the 
two types of the N = 2n + 1 supersymmetric models (type A and type B), separately. 

3.3.1 Type A model 

We first consider the degeneracy in the type A supersymmetric model. The connec- 
tion conditions compatible with the N = 2n + 1 supercharges Q A , ■ ■ ■ , Q 2n+ i are given 
by 

(7 2 n+i -Ufa, b 2 ))% = 0, (3.59) 
(7 2 n+i + Ufa, 63))$^ = 0, (3.60) 

where 

Ufa, 62) = bi(I 2 <S) • • • <S) I2 <S) <ti) + b 2 (e 7ll ■ a <g> • • • <g> e nn ■ a <g> a 3 ) (3.61) 

with bi, b 2 G R and fa) 2 + fa) 2 = 1. We note that the Q nk (k — 1, 2, • • • , n) commutes 
with the Hamiltonian H A and also with each other. Since they are also physical under the 
connection conditions (3.59) and (3.60), we can introduce simultaneous eigenfunctions of 
H A and Q-R k such that 

// V/::A,..,A,!.r) = /•: r -,.,A,....A, (•<•). (3.62) 

Gn k VE-M,-,\n{ x ) = h<PE-M,-,\ n (x) (3.63) 

with A fe = 1 or — 1 for k — 1, 2, • • • , n. Since <5„ (a = 1, 2, • • • , 2n + 1) and (A; = 
1, 2, • • • , n) satisfy the relations 

. _ / -Gn k Qa for a = 2A; - 1 or 2fc, ( , 

+ g nkQA otherwi ^ (3.64) 

the states Q2 4 fc-iV 9 -B ; Ai,---,A n (^) and Q^kVE-M,--,^^) should be proportional to 
<PE;\ u --\ k ,-,\ n { x )i and tlie states Q^i+iV^jAi.-.An^) should be proportional to 
(PE;\ u -,\ n { x )- Noting that Q^k-i = ~^Q2kGn k , we have the relations 

Qafe-l^iAi.-.Anfa) = -UfeQ^-ElA!,-^^) OC ¥>B;Ai,- -A fc ,-,A„ (^) , (3.65) 

QL+iVe-m,.-,^) k ^;Ai,-,A„(a:), (3-66) 

when E 1 > 0. These imply that the degeneracy of the spectrum for E > is given 
by 2 n . Some examples of the transition for the eigenfunction V ? £i;Ai,-,a„ by acting the 
supercharges are depicted in Fig. 5. This degeneracy can also be understood from an 
algebraic point of view; for fixed nonzero energy E, Q A /\fE for a — 1, 2, • • • , 2n + 1 form 
the Clifford algebra in (2n + l)-dimensions, and the representation is known as 2 n . 
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Qin-l, Qin 



Figure 5: Examples of the transition for the eigenfunction ysi;Ai,-,A n under the action of 
the supercharges (Qf, ■ ■ ■ , Q^n+i) 



The above argument cannot apply for the case of E = 0. This is because any state 
ipo( x ) with vanishing energy must satisfy Q^ip (x) = for a = 1, 2, • • • , 2n + 1. The 
equations Q^ip (x) = are equivalent to 



V A (p {x) = 0. 

The above equation is easily solved, and we have formal solutions as 



N 



Ai,—,A n 



n ^ 

n c 1 + A ^ 

_fc=i 



-Ai-A„W(a;) 



(3.67) 



(3.68) 



Here, iV^ ... ^ n denotes normalization constants. By noting the Hamiltonian if" 4 includes 
only W'(x) (but not VK(a;) itself), we have an ambiguity to choose W(x) to satisfy 



V k W(x)V k 
V n+ iW(x)V n+ i 



W{x), 
-W(x). 



k= l,2,---,n, 



(3.69) 
(3.70) 



For a noncompact space, any non-normalizable states would be removed from the func- 
tional space. The space is, however, compact in our model, so that these solutions are 
always normalizable. Nevertheless, some of them must be removed from the functional 
space. This is because some solutions are incompatible with the connection conditions. 
Although the zero energy states trivially satisfy the half of the connection conditions 
(3.60), we need to verify whether the states (3.68) satisfy the remaining connection con- 
dition (3.59) or not. 

In order to investigate the consistency of the zero energy states with the connection 
conditions, we use the transformation (2.8), (2.9). This transformation yields 



U(b 1 ,b 2 ) = VU(b 1 ,b 2 )V^ = h (J 2 



h ® ci) + b 2 (cr 3 



0-3) 



where 



V = (e^- & ® e 



IV2-C 



,JLV k -a 



e SU(2). 



(3.71) 



(3.72) 
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The transformation is a singular unitary transformation because it, in general, changes 
connection conditions of wavefunctions at singular points. The transformation may be 
regarded as a duality connecting different theories (with different connection conditions). 
Moreover, the transformation gives us the convenient expression for the connection con- 
dition. 

For instance, we consider the model which possesses two point singularities placed at 
x — 0, 1 (n — 1) as an example. The connection condition (3.59) is transformed by (3.72) 
to 



(h-U(b 1 ,b 2 ))$j = 0, 



where 



U(b u 6 2 ) = b^h ® a,) + b 2 (a 3 0^3), (p = V lV ?, Vi = e^ p K 
Explicitly, eq. (3.73) is written as 



(3.73) 



(3.74) 



/ 1 - b 2 -h 

-&1 1 + &2 

I + 62-61 

\ -h 1 - 6 2 / 



\ ( W-e) \ 
^(0 + e) 

<p(-l + e) 

V <p(-0-e) J 



0. 



(3.75) 



We observe that the above connection condition is separated into two independent condi- 
tions, depending on the argument of the wavefunction. This suggests that it is useful to 
assign the eigenvalue Ai of the operator for the wavefunction. To this end, we define 
the projection operator, 

\ (1 + Aiftx) . (3.76) 
By multiplying (1 + \ 1 lZ 1 )/2 from the left to eq. (3.73), we obtain the boundary vector 



as 

f / £ Al=+1 (Z - e) = \ 
^A 1=+ i(0 + e) = 


V / 
/ \ 



£ai=-iH + c) = 
I V ^a 1= -i(0 - e) = / 

Then, the connection conditions (3.73) are reduced to 
• for 6 2 = 1 (and 61 = 0) 



for Ai = +1, 



for Ai = -1. 



(3.77) 



^ Al =+i(0 + e) = 0, 
<P\ 1= -i(-l + e) = 0, 



(3.78) 
(3.79) 
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for b 2 ^ 1 



(1 - b 2 )<p Xl=+1 (l - e) - 6i^ Al=+ i(0 + e) = 0, 
(1 - & 2 )£ Al =-i(0 - e) - 6i^ Al =-i(-i + e) = 0. 



(3.80) 
(3.81) 



Let us also note that the Schrodinger equations can be written separately in each region 
of (0 < x < I) and (-1 < x < 0), 

H<p Xl =+i(x) = E<p Xl =+i(x) (0 < x < I) with (3.78) or (3.80), (3.82) 
H<p Xl =-i(x) = E<p Xl =-i(x) (-l<x<0) with (3.79) or (3.81), (3.83) 

where H = VHVl 

Similarly, we can generalize the above argument to the case of n. The connection 
conditions (3.59) can be written as 



(J 2 „ + i - U(biM))$^ m _ il± ^y = 



where 



<p = Vy? with V = V ± V 2 • • • V n , Vi = e^- v \ 
In this basis, the boundary vector can simply be written as 

/ 







V 1 2 



Vn 2 ip Xl ,..., Xn (l -e) 



Vn 



V 

The connection conditions (3.84) are reduced to 
• for b 2 = 1 (and b\ = 0) 



(3.84) 



(3.85) 



(3.86) 



V 1 



Vn 2 <px 1 ,..,x n )(lo-e) = for Ax---A n = -1, (3.87) 



(Z 1 + e ) = forAi---A n = +l, (3.88) 



V x 2 ■■■Vn 2 Cp Xu 



for b 2 ^ 1 
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/ 1-A n \ / 1-A n \ 

(l-b 2 )(V^ ■■■Vn> Vx 1 ,..,x n )(lo-e)-b 1 (v 1 * ■■■Vn" Vx w -,x n ) (k + e) = 

for Ai---A„ = +1, (3.89) 

/ l-Ai 1-A n \ / 1-A n \ 

(l-& 2 )(n 2 •••^n 2 (/i + e) - h (V, 2 ■■■Vn 2 ^ Al ,., A „ J (Zq - e) = 

forAi---A n = -l. (3.90) 

The Schrodinger equations can be separated into 2™ regions of (l s < x < l s+1 ) (s = 
0,1,...,2"-1). 

Now, we are ready to discuss whether the zero energy states satisfy the connection 
conditions or not. With the transformations (3.85), the zero energy states (3.68) become 



<fiO;Xu-,\n( x ) = ^0;X u -,X n (x) = N Xl ,...,. 



n j 

H (l + \ k K k ) 

k=l 



g-Ar-.^WGO ( 391 ) 



The states (3.91) do not satisfy the connection conditions (3.87), (3.88) for b 2 = 1. Al- 
though for general W(x), the connection conditions (3.89), (3.90) are not satisfied by the 
zero energy states for 6 2 7^ 1, there is, however, an exceptional case, where W(x) satisfies 



b l 3 2W(i -e) 



e Iw ^-*K (3.92) 
V 1 + h y ! 

With this special W(x), all the states (3.91) become supersymmetric vacuum states com- 
patible with the connection conditions. 

There is no supersymmetric vacuum state for general W(x). Therefore, the supersym- 
metry is "spontaneously" 5 broken. While, for the special W(x) satisfying (3.92), we have 
the supersymmetric vacuum states, and the degeneracy is 2™. 

Let us note that the V n+ i becomes physical when 6 2 = and commutes with the 
Hamiltonian H A only for W"(x) = 0. We can introduce the simultaneous eigenfunctions 
of the Hamiltonian H A , Q nk (k — 1, 2, • • • , n) and V n +i, 

H A ^ E -M,-,x n ,x n+ Ax) = E(p E . iXl ,... Mn¥1 (x), (3.93) 

Gn k <PE;\ 1 ,...,\ n M+i( X ) = A fc^;Ai,-,A„,A n+ i(z), (3.94) 
^n+l^B;A 1 ,-,A„,A„ +1 (^) = E-M,-MM+A X ) ■ ( 3 - 95 ) 

The new label A n+ i on the wavefunction suggests the enhancement of the degeneracy 
for the state with E > 0. In order to confirm it, let us define new operator Q A (a = 
1,2, •••,2n+ 1) as 

Q A = l -r a (n 1 ---n n+1 -^- ) j. (3.96) 

Then, the Hamiltonian H A can be written as 

H A = 2(Q A ) 2 = 2(Q A f + \c\ (3.97) 



If there is no zero energy state, we say that supersymmetry is spontaneously broken by analogy with 
supersymmetric quantum field theory. Other mechanisms of (spontaneous) supersymmetry breaking due 
to boundary effects have been found in Refs. [17, 18]. 
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where c 2 = (W'(x)) 2 is independent of x for W"(x) = 0. The energy is bounded from 
below as 

E > i C 2 . (3.98) 

We can show that (a — 1, 2, • • • , 2n + l) is physical under the connection conditions 
(3.59) and (3.60). Since Q£ and g Uk (k = 1, 2, • • • , n), V n+1 satisfy 

V n+l Qi = -Qt V n+1 for a = l,2,..-,2n + l. (3.99) 
r; HA _ / -Of for a = 2 A; - 1, 2fc, , , 

<^Q. - 1 + ^ otherwige (3.100) 

and = ~^Q2kSiz k , we have the relations 

Q4-l^;A 1 ,-,A n ,A n+1 = -i^kQ2k L PE;X 1 ,-,X n ,X n+1 OC (pE;X u - ,-A fc ,-,A„ ,-A„+i , (3.101) 
< 5^n+l¥'£;Ai,-,A„,A„ + i OC V£;Ai,-,A n ,-A„+i- (3.102) 

Thus, in this case, the degeneracy for E > |c 2 is given by 2 n+1 . This result can also be 
obtained from an algebraic point of view; Qa/VE (a = 1, 2, • • • , 2n + 1) and V n +i form 
the Clifford algebra in (2n + 2)- dimensions and the representation is known as 2 n+1 . 

Let us discuss the case of E — \(? . The state with E = |c 2 satisfies QaV E=\c 2 i x ) = 
(a = 1, 2, • • • , 2n + 1), which is equivalent to 

^^ ; a 1 ,.,^ 1 W=0, (3.103) 

where we have performed the singular transformation (3.85). The solution satisfying 
(3.103) always have only A n+ i = 1 state because the state with A n+ i = —1 have disconti- 
nuity except for the original singularities. The formal solutions for the state with E = |c 2 
are given by 



V 9 J B=ic 2 ;Ai,---,A n ,A n+1 =+l ~ ^Ai,-,A„,A„+i=+l 



n i 

n o (! + 

.k=i z 



(3.104) 



Let us note that the solution (3.104) shows that it takes constant values between the two 
neighboring singularities. 

Let us study the compatibility of the solutions (3.104) with the connection conditions 



(3.87)-(3.90). For b\ = +1, all the states with E = |c 2 satisfy the connection conditions 
(3.89) and (3.90), so that the degeneracy is 2 n , while for b\ = —1, all the states do not 
satisfy the connection conditions (3.89), (3.90) and are removed from the functional space. 
We can introduce the "fermion" number operator as 

(-l) F = V n+1 (3.105) 

for b 2 = and W'{x) = (c = 0). We note that W'{x) = ensures 6 

{Qt ("If) = 0. (3.106) 

6 Let us note that when W"(x) — 0, V n +i anticommutes with Q^. If we regard Q„ as a supercharge, 
V n +i can be taken as the "fermion" number operator. 
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We call states with (— 1) F = +1(— 1) "bosonic" ( "fermionic" ) ones. Under the relation 
(3.106), Qa ( PE-M,...,\ n {x) have the opposite eigenvalues of as ip E . Xl ,...,x n (x). 

We discuss the Witten index in this model. The Witten index of an operator O with 
O 2 = 1 is defined by 

A w . a = N^=° - N E=0 , (3.107) 

where N± =0 denotes the number of the zero energy states with O — ±1, respectively and 
all the nonzero energy states between O = 1 and O = — 1 are degenerate. 
The Witten index of V n+1 for W'(x) = (c = 0) 7 and b 2 = is given by 

A W;Pn+1 = 2 n . (3.108) 

When W"(x) = 0, the zero energy states do not exist. However, by shifting the energy, 
E — > E = E — |c 2 , there is a nonzero Witten index for E = (E = |c 2 ), 

A W]Pn+1 = Tvf =° - JVf =0 = 2". (3. 109) 



We should make a comment on the special case (3.92) in which the zero energy states 

If 



exist. In this case, the Witten index of Gni ' • ' Qn n vanishes because N+~° and N^~° are 



the same, 



^VU ; . = Nl= , = ^ = T-\ (3.110) 



3.3.2 Type B model 

The connection conditions compatible with the N = 2n + 1 supercharges Qf, ■ ■ ■ , Q^n+i 
are given by 

(I 2n+1 -U(b l ,b 2 ))% = 0, (3.111) 

(I 2n+ l+U(b 1 ,b 2 ))$ V B lp = 0, (3.112) 

where 

U(b u 62) =6i(/ 2 <8)---<8)/2®<Ti) + 62(^1 • ® • • • <H> ek„ • <r <g> o- 3 ) (3.113) 

with 61,62 £ R and (61) 2 + (6 2 ) 2 = 1. We first note that the Qn k (k = 1,2, ■■■,n) 
commute with H B and also with each other. Since they are also physical under the 
connection conditions (3.111), (3.112), we can introduce simultaneous eigenf unctions, 

//\-/,:A,.,Aj.r) = E<Pe- M ,-m(x), (3.114) 

Qn k fE ;\ 1 ,..,\ n (x) = h<PE-M,-,x n (x) (3.115) 

7 In this case, is the same as . 
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with X k — 1 or A fe = — 1 for k — 1, 2, • • • , n. The supercharges Q B (a = 1, 2, • • • , 2n + 1) 
and £7ft fc (k — 1, 2, • • • , n) satisfy the relations 

r>B C f -Qn k Qa for a = 2k -1,2k, , , 

QAk ~\+Gn k Q B otherwise. (3 ' 116) 

Noting that Q^k-i — ~iQ2k&K k i we have the relations 

Q2k-lVE-M,-,\ n { X ) = -^kQ2 k VE-M,.;\ n { X ) « (fiE;X u --X k ,-,X n (x), (3.117) 

QL+iVe-m,-,^) « ^;A l5 ..,A n (a;), (3.118) 

then the degeneracy of the spectrum is given by 2 n for E > 0. This result can also be 
obtained from an algebraic point of view, that is, for fixed nonzero energy E, j\[E for 
a — 1, 2, • ■ ■ , 2n + 1 form Clifford algebra in (2n + l)-dimensions, and the representation 
is known as 2 n . 

The above argument cannot apply for E = states because Q^^fo — 0. The equations 
Q^ip (x) = are easily solved and we have formal solutions as 



¥>0;Ai,...,A n (aO = N \i,-,\„ 



f[Ul + XkGn k ) 
Ufc=l z 



e F(a;) , (3.119) 



where N\ ly ... t \ n denotes normalization constants. Since the Hamiltonian H B includes only 
V'(x) (but not V(x) itself), we have an ambiguity to choose V(x) to satisfy 

V i V(x)V l = V(x), i = l,2,---,n+l. (3.120) 

Under the singular unitary transformation (3.85), the zero energy states become 



Al.---.Ar, 



n j 

n g (i + \ k n k ) 



e v(x \ (3.121) 



The zero energy states trivially satisfy the half of the connection conditions (3.112). Let us 
discuss the remaining connection conditions (3.111), which are given by eqs. (3.87)-(3.90). 

The states (3.121) do not satisfy the connection conditions (3.87), (3.88). On the 
other hand, the connection conditions (3.89), (3.90) are neither satisfied by the zero 
energy states. There is, however, an exceptional case 

6i = 1. (3.122) 

This is because V(l — e) = V(h + e). 

The V n+ i commutes with Qn k (k = 1,2, ■ • ■ ,n), H B and becomes physical only for 
62 = 0. An accidental degeneracy occurs in this case. We can introduce simultaneous 
eigenf unctions of the Hamiltonian H B , Qn k (k — 1, 2, • • • , n) and V n+ i such that 

H B ¥E;\ 1 ,-,\ n ,\ n+1 (x) = Ecp E . Xu ... M>Xn+1 (x), (3.123) 
Gn^E-M-M^+Ax) = -W£ ;Ali ... iAniAn+1 (x), (3.124) 

V n +l<PE-M,..;\ n ,\ n+1 { X ) = A n+ i</? B;Al ,...,A„,A n+1 (z)- (3.125) 
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The and V n +i satisfy the relations 



QfPn+l = -Pn+iQa, a = 1, 2, • • • , 2n + 1. 



(3.126) 



Eqs. (3.116), (3.117) and (3.126) imply that the degeneracy of the spectrum for E > is 
given by 2 n+1 . 

The zero energy formal solutions are 



n ^ 

n -(i+ 

k=l 



,V(x) 



(3.127) 



Here v 9 o ; Ai,---,A n ,A n+ i=-i(a ; ) do not exist because the states cannot construct without new 
singularities except for the original singular points x — l s (s = 0, 1, • • • , 2 n — 1). For b\ = 1, 
all the zero energy states (3.127) become supersymmetric vacuum states compatible with 
the connection conditions (3.89), (3.90), while, for bi = —1, all the states are incompatible 
with the connection conditions (3.89), (3.90). 

The V n+ i can be regarded as the "fermion" number operator only if b 2 = 0, 

(-if = V n+l . (3.128) 

The operator satisfies 

{Q?,(-1) F } = 0. (3.129) 
There is a nonzero Witten index of V n +i only for b\ — 1 and b 2 = 0, 

A w . Vn+1 =2\ (3.130) 



4 Reduction of the supersymmetry 
4.1 General discussion 

In this section, we provide a general discussion on a reduction of the supersymmetry by 
relaxing the connection conditions 8 . So far, we have considered the connection conditions 
compatible with all the 2n + 1 supercharges. Here we require that only a subset of the 
supercharges are physical. To put it the other way around, we allow some of the 2n + 1 
supercharges to become incompatible with connection conditions. 

Let us consider the m supercharges that are a subset of the In + 1 supercharges (3.1) 
((3.2)). The connection conditions compatible with the m supercharges are given by 

(7 2 n+l - U) % = 0, (4.1) 

(J 2 n + 1 + U) $ vMB)ip = 0, (4.2) 

8 Falomir and Pisani have also discussed the reduction of supersymmetry in the presence of singular 
supcrpotcntials [19] . 
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where the constraints on the characteristic matrix U are 




(4.3) 
(4.4) 
(4.5) 



Here the number of 7$ is to, which is a subset of the 7 a (a = 1,2, •••,2n + 1). The 
difference from the case of the N = 2n + 1 supersymmetry is in eq. (4.5), that is, the 
number of 7$ is smaller than that of the case of the N = 2n + 1 supersymmetry. The 
smaller the number of 7$ in eq. (4.5) becomes, the larger the number of parameters of 
the characteristic matrix U becomes. This implies that the supercharges not belonging 
to the subset are not the physical operators. 

4.2 N = 2n supersymmetry 

In this section, we consider some N = 2n supersymmetric models as examples of the 
reduced supersymmetry. We choose 2n supercharges that are subset of the 2n + 1 super- 
charges (3.1), (3.2) as 



We will obtain the connection conditions compatible with the constraints (4. 3)- (4. 5) and 
study the degeneracy of the spectrum and the zero energy states in each model. 



In order for the supercharges Q±, • • • , to satisfy the superalgebra, we need 
only eq. (3.8). And the Hamiltonian is also given by eq. (3.14). The N = 2n 
supersymmetry has already been found and discussed in Ref. [12]. The results of the 
connection conditions and degeneracy of the spectrum in this subsection agree with those 
in Ref. [12] although the analysis has been incomplete in Ref. [12]. 

The connection conditions compatible with the 2n supercharges Qf, ■ ■ ■ , Q^ n are 



(a) Qi, Q2, 

(c) Qf,Qf, 




4.2.1 (a) Qt,Qt---,Qi 



(I 2 n+1 ~U)% = 0, 
(I 2 n+1 + U)<S> VAip = 0, 



(4.6) 
(4.7) 



where 



U 2 




(4.8) 
(4.9) 
(4.10) 



i = 1,2,-.., 



In. 



23 



In order to obtain the expression of the characteristic matrix U, we use the expansion 
(3.48)-(3.50). Eq. (4.10) implies that the nonvanishing coefficients are only four, 

Oi = C Q1= o,a2=0,-,a„=0,a„ + i=l) a 2 = Cai=0,a 2 =0,-,a„=0,a n+ i=2) (4-H) 

«3 = Cai=3,o;2=3,-,a„=3,a n+1 =3, ^4 = C Ql =3,0,3=3,. .. )Q , n= 3 )Q , n+1= o. (4-12) 

Thus, the characteristic matrix [/ can be expanded as 

U = ai (I 2 <g) • • • <S> ^2 ® <7i) + a 2 (-^2 ® • • • <S> ^2 ® 02) 

+a 3 (e 7 e 1 • a <g> • ■ • <g> e^ n • a <g> cr 3 ) + a 4 (e^ • <r <g) • • • <g) e^ n • a <S> h) ■ (4.13) 

Let us note the number of parameters in the characteristic matrix U is larger than that 
in the N = 2n + l supersymmetric model because of the decrease of the conditions on the 
U. We further restrict the form of U by imposing the conditions (4.8) and (4.9). Then, 
we obtain that 

(a 4 ) 2 = 1 and a 4 = a 2 = 03 = 0, (4-14) 

or 

( ai ) 2 + (a 2 ) 2 + (a 3 ) 2 = 1 and a A = (4.15) 

with ai, 02,03,04 G R. Thus, the characteristic matrix U compatible with the 2n super- 
symmetry is given by 

(I) Type I 

E/i(±) = ± {e ni ■ 3 ® ■ ■ ■ <8> e Un • £ <g> J 2 ) , (4.16) 

(II) Type II 

[/11(a) = ai (J 2 <E> • • • <8> h <S> <7\) + a 2 {h ® • • • <8> h ® cr 2 ) 

+a 3 (e ni ■ a <g> ■ ■ ■ <g> e nn ■ a <g> a 3 ) (4.17) 

with (ai) 2 + (a 2 ) 2 + (a 3 ) 2 = I. 

Let us next study the degeneracy of the spectrum. We note that Q^ k (k — 1, 2, • • • , n) 
commutes with the Hamiltonian H A and is physical under the connection conditions 
(4.16), (4.17), so that the state with E(> 0) is labeled by the quantum number \ k , which 
is the eigenvalue of Qn k - Noting that Q 2 k-i — —iQzk9ii k and the relations 

n*n - S ~GK k Qt for i = 2k - 1 or 2k, , , 

Qi Gn * ~ \ +Qn k Qf otherwise (4 ' 18) 

for k — 1, 2, • • • , n, we have the relations (3.65) for k — 1, 2, • • • , n. Thus, the degeneracy 
for E > is given by 2 n . This result can also be obtained from an algebraic point of 
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view; for fixed nonzero energy E, Qf/\f~E for % = 1, 2, • • • , 2n form the Clifford algebra in 
2n-dimensions, and the representation is known as 2 n . 

Let us study the zero energy states. The states, which satisfy eq. (3.67), are formally 
given by 

^0;A 1 ,-,A„(^) = N Xl ,..,x, 

with Xk = 1 or —1 for k = 1,2, ■ ■ ■ ,n. The zero energy states trivially satisfy the half 
of the connection conditions (4.7). We need to verify whether the zero energy states 
(4.19) satisfy the remaining connection conditions (4.6) or not. In order to investigate 
the consistency of the zero energy states with the connection conditions, let us perform 
the singular transformation (3.85), under which the zero energy states become 

<fO;X u -,X n (x) = V(p . Xl ,-,X n (x) = N Xl ,...,x. 

According to the singular transformation, the connection conditions (4.6) can be writ- 
ten, depending on the type I, II, as 

(I) Type I with Ui(±) 

(V^ ■ ■ ■V^'Pxu-m) Co - c) = 0, (4.21) 

(vt^ ■ ■ ■ <p M ,-,x?) (h + e) = for Ai • • • A n = =Fl, (4.22) 
where the double sign of Ai • • • A n correspond to the double sign in the f7i(±) 
(II) Type II with U u (a) 

(vt^ ■ ■ ■ V^<P\ u ~m) (h + e) = for a 3 X, ■ ■ ■ X n = +1, (4.23) 

/ 1-^1 1-A„ \ 

(l-a 3 X 1 -'-X n )[V 1 2 ■■■Vn 2 <Pxu-M)(lo-e) 

/ 1-^1 i-\„ \ 
-{a 1 -ia 2 )(r 1 2 ■■■Vn 2 <px 1 ,...,\ n ) (h + e ) = 

for otherwise. (4.24) 

Let us first discuss the case of Ui(+). We note that the connection condition (4.6) does not 
yield nontrivial conditions for the state with Ai • • • X n = +1, while the other connection 
condition (4.7) is automatically satisfied due to (3.67). On the other hand, we must check 
whether the state with Ai • • • A n = — 1 satisfies the connection conditions (4.21), (4.22) or 
not, but it is obviously impossible due to the exponential factor in the solutions (4.20). 
Hence, the degeneracy is given by 2 n_1 . The discussion goes the same as above for the case 



n i 

n 2 ^ i+Afc ^) 

-fc=l 



-X^-XnWix) 



(4.19) 



n i 

n 2 a + wo 

.fc=i 



-Xi-XnWix) 



(4.20) 
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of Ui(-), so that the degeneracy is, again, 2™" 1 . Thus, the supersymmetry is unbroken. 
We have seen that once we determine the connection condition C/i(±), the states with 
Ai • • • A n = ±1 can satisfy the connection conditions. 

For the type II connection conditions, the zero energy states (4.20) are found to be 
inconsistent with the connection conditions (4.23), (4.24), so that there are no vacuum 
states with zero energy. There is, however, an exception. If the following relations are 
satisfied 



l + a 3 



flj = ^ M . ff( , 1+e ) ) ai = Jl- (a 3 ) 2 , a 2 = 0, (4.25) 



all the states (4.20) accidentally become supersymmetric vacuum states compatible with 
the connection conditions (4.24), hence, the degeneracy is 2™. Therefore, for the type II 
connection conditions, supersymmetry is spontaneously broken except for the above case. 

If a 2 = 0, the supercharge Q^n+i become physical. Then, Q A , ■ ■ ■ , Q^n+i form the 
N = 2n + l superalgebra if we require the conditions (3.9). Therefore, the supersymmetry 
is enhanced to the N = 2n + 1 supersymmetry, and the degeneracy has been studied in 
the previous section. 

We can introduce the "fermion" number operator as 

{-i) F = g ni ...g^ (4.26) 

which is physical under the connection conditions (4.6) and (4.7), and commutes (anti- 
commutes) with the Hamiltonian H A (all the supercharges Qf (i = 1, 2, • • • , 2n)). Let 
us note that eigenvalues of the fermion number operator are Ai • • • \ n = ±1. The Witten 
index of • • • Qn n with Ui(±) is given by 

Aw^-c^ = ±2 n " 1 , (4.27) 

where the double sign correspond to the double sign in the Ui(±). 

If W'(x) = 0, the V n +i is physical under the connection condition (4.16). And it 
(anti) commutes with the (supercharges) H A . Then, we can introduce the Witten index 
of V n +i, 

A W;Pn+1 = T~\ (4.28) 

For the type II connection conditions with Un(a), the Witten index of Q ni •••G-ji n 
vanishes because there are no zero energy states. We should make a comment on the 
special case (4.25), in which the zero energy states exist. The Witten index of ■ ■ ■ Q^ n 
is, however, zero because Nf =0 and N^ =0 are the same, 
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4.2.2 (b) Qf,Ql---,QL^Qt +1 

The N = 2n supercharges Qf, Q 2) • •• , Q 2n -i, Q^n+i form the N = 2n superalge- 
bra if the function W'(x) obeys (3.8) and (3.9). The constraints on the characteristic 
matrix U are 

U 2 = I 2 n+1, (4.30) 
U ] U = I 2 n+1, (4.31) 

7 .[/ 7 . = -u, i = 1,2, •••,2n- l,2n+ 1. (4.32) 

We expand the [/ in the expression (3.48)-(3.50). Because of the conditions (4.32), nonzero 
coefficients are only four, 



a l — Cai=0,Q2=0,---,On=0,a n+ i=l5 a 2 — ^ai=3,a:2=3,---,a n _i=3,a n =2,a n+ i=3, 

°3 = CQi=3,Q2=3,---,Q„=3,a n+ i=35 a 4 = Cai=0,a2=0,---,a n _i=0,a„=l,a n+ i=l- 



(4.33) 



The conditions (4.30) and (4.31) imply that 

(a 4 ) 2 = 1 and a x = a 2 = a 3 = 0, (4.34) 



or 

\2 



(oif + (a 2 y + (a 3 ) =1 and a 4 = (4.35) 

with 01,02,03,04 € R. Thus, the characteristic matrix U compatible with the 2n super- 
charges £#,•••, Q ^n-i 5 Q^+i are 

(I) Type I 

C/i(±) = ± (J 2 <E> • • • <E> h <E> e Pn • (g) (Ti) , (4.36) 

(II) Type II 

U u (a) = oi (I 2 <g> • • • <g> J 2 <E> 01) 



+a 3 (e ni ■ a <g) • • • <g) e nn ■ a <g) cr 3 ) (4.37) 

with (a x ) 2 + (a 2 ) 2 + (a 3 ) 2 = 1. With the above characteristic matrix U, the connection 
conditions are given by 

(J 2 n +1 - U)% = 0, (4.38) 
(7 2 n +1 + = 0. (4.39) 

In this case, Q^ n is no longer physical under the connection conditions (4.36), (4.37), 
but instead, Qv n V n +\ is physical. The Hamiltonian H A , Gn k (k = 1,2, • • • ,n — 1) and 
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G-p n T n+ \ are physical, and they commute with each other. We can introduce simultaneous 
eigenf unctions of these operators such that 

H\ E . Xu ..., K {x) = /v/,- : a,..,a:. UK (4.40) 
Qn k ^E-M,-,\'S x ) = ^k<PE-M,~,\' n { x )i fc = l,2,---,n-l, (4.41) 
(Gv n r n+1 )<PE-M,-,y n (x) = X' n <PE;M,...,y n (x) (4.42) 

with X k — 1 or — 1 for k — 1, 2, • • • , n — 1 and A^ = 1 or — 1. In this case, we have the 



relations 



Qzk-lVE-M,.-.,^) = -iXkQ^E-M,-^) K <PE-M,:.,-X k ,:.,X n {x), 



k — 1, 2, • • • , n — 1, 



QL+iVe-m,-,k{ x ) k ^;Ai,- -a;», 



because 



C^Qi 4 = 



(&>„Pn+l) Q 



f -Qi 4 ^* for fc = 2z -1,22, 
\ +QfGn k otherwise, 

-Qt {Qv n V n+ i) 



for i = 1, 2, • • • , 2n - 1, 2n + 1 and = -iQikGn-k for ^ = 2 > 



n 



(4.43) 
(4.44) 
(4.45) 

(4.46) 

(4.47) 
1. Thus, the 



degeneracy for E > is given by 2 n . This result can also be obtained from an algebraic 
point of view; for fixed nonzero energy E, Qf/y/E for i = 1, 2, • • • , In — 1, In + 1 form 
the Clifford algebra in 2n-dimensions, and the representation is known as 2 n . 

The above argument cannot apply for the zero energy states. The zero energy states 
are given by solving 

d 



V A ip (x) = 



Tli ■ ■ -7l n+1 —\ + Ai • • • \ n -iGnn (R-i 



■n n+1 W'{x)) 



fo;X 1 ,-,y n (x) = 0. 

(4.48) 



The solutions to eq. (4.48) are formally given by 



x 



\fe=i 



e -Ai"A„_iW(x) _|_ y 



^ e \l-\n-lW(x) 



(4.49) 



and trivially satisfy the half of the connection conditions (4.39). We need to verify whether 
the zero energy states satisfy the remaining connection conditions (4.38) or not. Under 
the singular unitary transformation (3.85), the zero energy states become 



•1 H 



x 



(n-1 
n 
k=i 

K 



1 + 



1-K 



" VlHr(l) },(4.50) 
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and accordingly the connection conditions, (4.38) can be written as 
(I) Type I with Ui(±) 



(^i 2 •••?Vi 2 ^u~,K) (k ~ c) = 0, (4.51) 

V x 2 • • • V n ^ <pxi,.., K \ (h + e) = for A^ = T l, (4.52) 

where the double sign of \' n correspond to the double sign in the Ui(±), 
(II) Type II with U u (a) 



V, 2 ■■■K-i 2 <P\u~,K)(h + e) = Q foia 3 \ 1 ---\ n - 1 = +l, (4.53) 



(l-a 3 Ai...A n _i) [V, 2 •••P„_ 1 2 ^ Al ,., A ;J (/ - e) 

Pi 2 •••^n-i 2 ^A 1 ,.,^J(Zi + e) = 

for otherwise. (4.54) 

We first consider the case of Uj(+) (Ui(—)). The zero energy states with A^ = 
+ 1 (A' t = — 1) can satisfy the connection conditions (4.38), (4.39) because the connection 
conditions (4.38) do not yield nontrivial conditions for the states with A^ = +1 (A^ = — 1), 
and the connection conditions (4.39) are automatically satisfied due to (4.48). On the 
other hand, the states with A^ = —1 (A^ = +1) do not satisfy the connection conditions 
(4.51), (4.52) because of the exponential factor in the solution. Thus, the degeneracy of 
the zero energy states for the case of Ui(±) is given by 2 ra_1 , and the supersymmetry is 
unbroken. 

For the case of Un(a), the zero energy states do not satisfy the connection conditions 
(4.53), (4.54) with one exception. If the following relations are satisfied 



' I -as 
1 + a 3 



2W ^\ ai = y/l- (a 3 ) 2 , a 2 = 0, (4.55) 



all the states (4.50) are compatible with the connection conditions (4.54), then, the de- 
generacy is 2™. Hence, for the type II connection conditions, the supersymmetry is spon- 
taneously broken except for the above case. 

Note that if ai = 0, the supercharge becomes physical. Then, the supersymmetry 
is enhanced to the N = In + 1 supersymmetry. 

In this model, Qv n V n+ i can be regarded as the "fermion" number operator, 

(-If = Qr n V n+1 . (4.56) 
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The Witten indices of G-p n V n+ i, 'Pn+i for Ui(±) are given by 

%p„p„ +1 = ±2"~\ (4.57) 
A w , Pn+1 = T~\ only for W\x) = 0, (4.58) 

where the double sign in eq. (4.57) correspond to the double sign in the Uj(±). For 
Uu(a), the Witten index of Gv n V n +\ vanishes because the zero energy states do not exist. 
Let us comment on the special case (4.55), where we have the zero energy states. We 
note that the supersymmetry is enhanced to the same N = 2n+ 1 supersymmetry in the 
special case (4.55) as that in the previous section. 

4.2.3 (c) Qf,---,Qf n 

The N = 2n supercharges Qf, ■ ■ ■ , Qf n form the N = 2n superalgebra if the V'(x) obeys 
(3.10). In this case, the constraints on the characteristic matrix U are same with the 
case of (a). The connection conditions are given by 

(7 2 n+i - U)% = 0, (4.59) 
(Iv+i + U)$ v b v = 0, (4.60) 

where U is given by (4.16) or (4.17). 

For Ui(±), the Gn k (k — 1, 2, • • • , n) and V n +i are physical under the connection condi- 
tions (4. 59), (4. 60) and commute with H B . We can introduce simultaneous eigenfunctions 
of H B , Gn k (k — 1, 2, • • • , n) and V n+ \ such that 

H B ip E . M ,.., Xn+1 {x) = E<pE-M,..,x n+1 (x), (4-61) 
Gn k VE-M,-,\ n+ A x ) = h¥E;\ u -,\ n+1 (x), k = 1,2, • • - ,n, (4.62) 

V n+ i<PE;X 1 ,...,X n+1 (x) = X n +l(pE;X 1 ,...,X n+1 {x). (4.63) 

Although the labels in (p increase, the degeneracy of the spectrum for E > states does 
not increase in this model. The Qf (i = 1, 2, • • • , 2n), Gn k (k = 1, 2, • • • , n) and V n+ \ 
satisfy 

V n+l Qf = -QfV n+ i for i = 1, 2, • • • , 2n, (4.64) 

a n B - S -Q?$K k for i = 2k-\, 2k, , 
yn k Qi - I +Q Bg Kk otherwise, (4 ' b5j 

The supercharge Qf (i = 1, 2, • • • , n) changes not only the sign of A« but also the sign of 
A n+ i, so that no supercharge connects Ai • • • A n +i = +1 states with Ai • • • A n+ i = — 1 ones. 
Therefore, The degeneracy between the states with Ai • • • A n+ i = +1 and the states with 
Ai • • • A n+ i = —1 is not guaranteed, so that the 2 n+1 -fold degeneracy is not ensured. 
Since Qf k _ x = ^QfkQ^k for A; = 1, 2, • • • , n and 

Q2k-l¥E;\ u -,\ n (x) = -i\kQf k ^E-M,-,\S X ) OC ^E;X u -,-X k ,-,-X n (x) (4-66) 
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for k = 1, 2, • • • , n, the 2 n -fold degeneracy for E > states is ensured. This result can 
also be obtained from an algebraic point of view; for fixed nonzero energy E, Qf /y/E 
fori = 1,2, ■ • • ,2n form the Clifford algebra in 2n-dimensions, and the representation 
is known as 2 n . The V n +\ is regarded as a "fermion" number operator (— 1) F in the 
type I connection conditions. For Un(a), since the V n+ i, in general, is not physical, the 
degeneracy for E > is 2 n . 

The zero energy states satisfying Qfip Q (x) = are formally 

Vo-m,-mW = N Xl ,..., Xn (ft I±M*) e v(«). (4.67) 

The zero energy states trivially satisfy the half of the connection conditions (4.60). Under 
the singular unitary transformation (3.85), the remaining connection conditions (4.59) 
can be written by eqs. (4.21)-(4.24), and the zero energy states become 

V^,.,^) = V,:n:A,...A,i.r) = N Xl ,... M (f[ l+^j e ^). (4 . 68 ) 

Let us first discuss the case of Ui(+) (Ui(—)). We note that the connection conditions 
(4.59) do not yield nontrivial conditions for the states with Ai • • -A n = +1 (Ai • • • A n = 
— 1), while the other connection conditions (4.60) are automatically satisfied due to 
T> B (p (x) = 0. On the other hand, we must check whether the states with Ai • • • A n = 
— 1 (Ai ■ ■ ■ X n = +1) satisfy the connection conditions (4.21), (4.22) or not. It is obviously 
impossible because of the exponential factor in the solution. Hence the degeneracy for 
the zero energy states for the case of Ui(±) is given by 2 n_1 , and the supersymmetry is 
unbroken. We have seen that once we determine the connection conditions Ui(±), the 
state with Ai • • • A n = ±1 can satisfy the connection conditions. 

For the type II connection conditions, the zero energy states (4.68) are found to be 
inconsistent with the connection conditions (4.23), (4.24), so that there are no vacuum 
states with zero energy. There is, however, an exception. If the following relation is 
satisfied 

ai = 1, (4.69) 

all the states (4.68) accidentally become supersymmetric vacuum states compatible with 
the connection conditions (4.24), then, the degeneracy is 2 n . Hence, for the type II 
connection conditions, supersymmetry is spontaneously broken except for the above case. 
Note that if a 2 = 0, the supercharge Q^n+i becomes physical, therefore the supersymmetry 
is enhanced to the = 2n + 1 supersymmetry, which is same as the type B model in the 
previous section. 

The fermion number operators can be defined as 

(-I f = Gk 1 --- Qn n for Ui(±) or U u (a), (4.70) 
(-If = V n+1 for C^(±) or U u ( ai = ±1). (4.71) 
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For Ui(±), the Witten indices of Q ni ■ ■ ■ Qn n and V n+ i are given by 

^W;g Kl -g nn =±2 n ~\ (4.72) 
A w ., Vn+1 = T~\ (4.73) 

where the double sign in eq. (4.72) correspond to the double sign in the Ui(±). Let us 
comment on the special case of Un(a) with a± — 1, where we have the zero energy states. 
We note that the supersymmetry is enhanced to the same N = 2n + 1 supersymmetry 
even in the special case of ai = 1 as that in the previous section. 

4.2.4 (d) Qf,---,Qg^,Ql +1 

The N = 2n supercharges Qf , • • • , Q B n -\-, Q^n+i fo™ 1 the N = 2n superalgebra if 
the V'(x) are assumed to obey (3.10). The characteristic matrix U is again given by 
(4. 36), (4. 37). The connection conditions become 

(J 2 n+i - U)% = 0, (4.74) 
(7 2 „+i + [7)$^ = 0. (4.75) 

In this model, Q-n k (k = 1,2, •■■,n — 1) and G-p n V n+ i are physical and commute with 
H B . Since these operators commute with each other, we can introduce simultaneous 
eigenfunctions of H B , Qn k (k — 1, 2, • • • , n — 1) and Qr n V n+ i such that 

H B <p E . Xl ,.., K (x) = E<p E . Xl ,.., K (x), (4.76) 

Qn k ^E-M,-,\' n { x ) = ^kVE;\ u -,\' n { x ), k = l,2,---,n-l, (4.77) 

(Qr n V n+1 ) cpE-M,-,y n (x) = \' n <PE;M,-,\' n ( x )- ( 4 - 78 ) 

Since 

Qn k Qf = \S Q G k i0 * k = 21 - 1 ^ (4.79) 

I +QiQn k otherwise, v ' 

{Qv n V n+l )Qf = -Qf(Q Pn V n+1 ) (4.80) 
and Q B k-i — ^Q2kSn k for k — 1, 2, • • • , n — 1, we have the relations 

k = 1,2, ...,n- 1, (4.81) 

Q%n-iVE-M,-,x n ( x ) K ^Ai.-.-A^a:), (4.82) 
<5?n+i^;Ai,-,A;(^) oc ^^....^(x). (4.83) 

Then, the degeneracy of the spectrum for E > is given by 2 n . This result can also be 
obtained from an algebraic point of view; for fixed nonzero energy E, Qf/y/E for % = 
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1, 2, • • • , In — 1, In + 1 form the Clifford algebra in 2n-dimensions, and the representation 
is known as 2 n . 

The zero energy states are given by solving 



The solutions are formally written by 



Ul ' " Un+l l^) ~ Vn+1 ' ' - n ^ V '^ 



rn:A : ,.,AM'.r) 0. (4.84) 



= N Xl ,..., K ( n 1 - ± ^) { (^) + X (^) } e™. (4.85) 

The zero energy states trivially satisfy the half of the connection conditions (4.75). Under 
the singular unitary transformation (3.85), the remaining connection conditions (4.74) 
become eqs. (4.51)-(4.54), and accordingly, the zero energy states (4.85) become 

'Po;X 1 ,-,x' n (x) = Vip . M ... K (x) 

(4.86) 

We first consider the case of U\{+) (Ui(—)). The zero energy states with A^ = 
+1 (A' t = —1) can satisfy the connection conditions (4.74), (4.75) because the connection 
conditions (4.74) do not yield nontrivial conditions for the states with A^ = +1 (X' n = — 1), 
and the connection conditions (4.75) are automatically satisfied due to U B {p (x) = 0. On 
the other hand, the states with A^ = — 1 (A^ = +1) do not satisfy the connection condi- 
tions (4.51), (4.52). Hence, the degeneracy of the zero energy states for the case is given 
by 2 n_1 , and the supersymmetry is unbroken. 

For the case of Un(a), the zero energy states (4.86) do not satisfy the connection 
conditions (4.53), (4.54) with one exception. If 

a, = 1, (4.87) 

all the states (4.86) accidentally become supersymmetric vacuum states compatible with 
the connection conditions (4.54), then, the degeneracy is 2™. Thus, for the type II connec- 
tion conditions, the supersymmetry is spontaneously broken except for the above case. 
The fermion number operator can be introduced as 

(-1) F = Gv n V n+1 . (4.88) 

For Ui(±), the Witten indices of Qp n V n +i and V n+ i are given by 

^w-,g Vn v n+1 = ±r~\ (4.89) 
A W;Vn+1 = T-\ (4.90) 
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where the double sign in eq. (4.89) correspond to the double sign in the Uj(±). For Un(a), 
the Witten index of Q-p n V n +i vanishes because the zero energy states do not exist. Let us 
comment on the special case (4.87), where we have the zero energy states. We note that 
the supersymmetry is enhanced to the same N = 2n + 1 supersymmetry in the special 
case as that in the previous section. 

5 Summary 

In this paper, we have studied the supersymmetry on a circle with 2 n point singularities 
placed at regular intervals in a full detail. The two types of the N = 2n + l supercharges 
(type A and type B) are constructed in terms of the n + 1 sets of discrete transformations 
{Vk, Qk, 7Zk} (k — 1, 2, • • • , n + 1). The singularities can be described by the connection 
conditions in our formulation. We have found the connection conditions make all the 
supercharges physical, so that the N = 2n + 1 supersymmetry can be realized under the 
connection conditions. 

In our analysis, the connection conditions, under which arbitrary subset of the N = 
2n + 1 supercharges are physical and others are not physical, can be obtained. Thus, 
the N = 2n + 1 supersymmetry can be reduced to M-extended supersymmetry for any 
integer M < N due to the connection conditions. 

We have also studied the degeneracy of the spectrum in particular zero energy states 
in the N = 2n + 1 supersymmetric models and some N = 2n supersymmetric models as 
examples of the reduction of the supersymmetry. The energy eigenf unctions can be labeled 
by the eigenvalues of the physical operators which commute with the Hamiltonian and 
each other. The degeneracy of the spectrum for the states with E > have been obtained 
by discussing the transition of the labeled states under the action of the supercharges. 
The analysis cannot apply for the states with E — 0. This is because the zero energy 
states satisfy Qtpo = 0, that is, the transition does not occurs. The zero energy states, 
however, satisfy the first order differential equation thanks to the supersymmetry, and the 
formal solutions can be obtained. We have checked whether the formal solutions satisfy 
the connection conditions or not. The degeneracy of the spectrum and the Witten index 
are summarized in table 1 and table 2. 
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Table 1: degeneracy of the spectrum in the N = 2n + 1 supersymmetric models 



Type 


parameters 


degeneracy 


Witten index 


Type A 


b 2 = 
and 
W"(x) = 
(W'{x) = c) 




r 


Ti+l 


(for &! = 1) 


■i—i TO 

£=±c 2 


1 


2" for &i = +1 
for fei = -1 


otherwise 


E > 


r 


n 





£ = 


f 2 n for * 

| for otherwise 


TypeB 


b 2 = 


E > 


r 


n+1 


(for 6i = 1) 


£ = 


1 


2" for 6i = +1 
for 6i = -1 


otherwise 


£ > 


r 


n 





E = 






where * denotes = e 2W ^- e ). 
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